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The ray tracing-node analyzing method (RTNAM) has been successfully developed to solve 1-D coupled
heat transfer in isotropic and anisotropic scattering media in the past, and in this paper it is further
extended to solving the 2-D coupled heat transfer in a rectangular isotropic scattering medium. Using
the control-volume method, the partial transient energy equation is discretized in implicit scheme.
The effect of radiation on heat transfer is considered as a radiative source term (RST) in the discretized
energy equation, and in combination with spectral band model, the RST is calculated using the radiative
transfer coefficients (RTCs), which are deduced by the ray tracing method. The Patankar’s linearization
method is used to linearize the RST and the opaque boundary condition, and the linearized equations
are solved by the ADI method. Before solving the RTCs for isotropic scattering media, the RTCs without
considering scattering must be solved at first. And then, the RTCs without considering scattering are nor-
malized according to their integrality relationships. In addition, the correctness of the results obtained by
the RTNAM is validated, and effects of scattering albedo and refractive index on transient temperature
distribution are investigated.

� 2009 Elsevier Ltd. All rights reserved.
1. Introduction

Semitransparent media has extensive engineering application,
such as heat insulating techniques for the protection of aeroen-
gines [1], manufacture and heat processing of glass products and
its application in high-temperature environment [2], ignition and
flame spread of semitransparent solids [3], optical window for
spacecraft [4], etc. Almost all of the problems encountered in engi-
neering applications are three-dimensional. For example, in optics
field, temperature distribution within optical components, such as
convex lens and concave lens, etc., will intensively affect the qual-
ity of image, especially when the optical system is installed in sa-
tellite. Thus, performing thermal analysis on multi-dimensional
problems has a practical significance.

Using various methods, many researchers studied 2-D cou-
pled radiative and conductive heat transfer in a semitransparent
medium of various geometry. First of all, coupled heat transfer in
a rectangular medium was studied most. Mishra et al. [5–8]
investigated 2-D coupled heat transfer in a rectangular scattering
semitransparent medium. In 2003, using the collapse dimension
method (CDM) and the discrete transfer method (DTM) to solve
the radiative transfer equation, they [5] evaluated the perfor-
mance of the CDM and the DTM in terms of computational time
and their ability to provide accurate results. In Ref. [6], the per-
ll rights reserved.

).
formance of computational cost of the Lattice Boltzmann method
(LBM) and the finite volume method (FVM) were compared. In
Ref. [7], they studied the effect of temperature dependent ther-
mal conductivity on temperature distribution. In Ref. [8], using
the FVM and the LBM, Mishra et al. studied the transient con-
duction and radiation. In 2004, Furmanski and Banaszek [9] pro-
posed a new method based on the finite element spatial
discretization combined with the iterative technique to study
transient coupled radiative and conductive heat transfer in a
rectangular medium. In 1991, Kim and Baek [10] studied coupled
radiative and conductive heat transfer in a 2-D anisotropically
scattering semitransparent rectangular enclosure using the dis-
crete ordinates method (DOM). In the work of Viskanta and
Lee [11], using DOM combined conduction and radiation in a
2-D glass rectangular medium was investigated. In 2002, Lacroix
et al. [12] studied coupled radiative and conductive heat transfer
in a silica rectangular semitransparent medium irradiated under
a specific direction. In 2004, Mahapatra and Mahapatra [13]
studied coupled radiative and conductive heat transfer in an iso-
tropic scattering square enclosure using the DOM. In 2006, Lac-
roix et al. [14] analyzed transient coupled radiative and
conductive heat transfer in nongray semitransparent 2-D rectan-
gular media with mixed boundary conditions.

Optical components of cylinder shape have been widely used in
laser field, so Wu and Wu [15,16] investigated 2-D transient radi-
ative heat transfer in a length-limited cylinder using integration
method, while Liu and Tan [17] used the DOM. In 1996, using
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Nomenclature

Ak,T
R
Dkk

Ik;bðTÞdk=ðrT4Þ;where Ik;bðTÞ is the Plank’s law, k is
the wavelength and subscript k means the kth spectral
band

Hx length of the rectangular medium (Fig. 1 (a)) (m)
H�x dimensionless length of the rectangular medium, Hx/Lr

Hy width of the rectangular medium (Fig. 1(a)) (m)
H�y dimensionless width of the rectangular medium, Hy/Lr

hi convective heat transfer coefficients at surfaces Si

(W m�2 K�1), where i = 1–4
(i,j) node in medium, where i and j are the integral coordi-

nates of each node along x direction and y-direction
(Fig. 1(a)), respectively

k thermal conductivity of medium (W m�1 K�1)
Li distance form surface Si to black surrounding surface S1i

(m), where i = 1–4
Lr reference distance (m)
M integer parameter, used to divide Hx into M equal parts
N integer parameter, used to divide Hy into N equal parts

conduction-radiation parameter of medium, k=ð4rT3
r LrÞ

nk kth spectral band refractive index of medium
NB total number of spectral bands
S1i black surface representing the surroundings (Fig. 1(a)),

where i = 1–4
S1 enclosed black surroundings composed of S11, S12, S13

and S14

Si black boundary surface (Fig. 1(a)), where i = 1–4
Si,j boundary node j on surface Si

T absolute temperature (K)
T0 uniform initial temperature (K)
Tr reference temperature (K)
T* dimensionless temperature, T/Tr

TSi;j
temperature of boundary node j on surface Si (K), where
i = 1–4

T1i temperature of black surrounding surface S1i (Fig. 1(a))
(K), where i = 1–4

Tgi gas temperature for convection at surface Si (K), where
i = 1–4

ti ith physical time (s)
t�i ith dimensionless time, 4rT3

r ti=ðqcLrÞ
V(i,j) control volume corresponding to node (i, j)
x x-coordinate (m)
x* dimensionless coordinate, x/Lr

y y-coordinate (m)
y* dimensionless coordinate, y/Lr

Dx length of each control volume (m), Hx/M
Dy width of each control volume (m), Hy/N
Dti interval for time ti (s)
Dt�i dimensionless time interval for time t�i

Greek letters
ak kth spectral band absorption coefficient of medium

(m�1)
gk kth spectral band absorption quotient of the attenuated

energy of medium, 1 �xk

jk kth spectral band extinction coefficient of medium,
jk = ak + rk (m�1)

qc specific heat capacity of medium (J m�3 K�1)
r Stefan–Boltzmann constant, 5.6696 � 10�8 W m�2 K�4

rk kth spectral band scattering coefficient of medium
(m�1)

xk kth spectral band scattering albedo of medium, rk/jk
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DOM, Vaillon et al. [18] studied radiative transfer in a 2-D gray
medium confined between two coaxial infinitely long elliptic cylin-
ders with black boundaries.

Industrial heat transfer problems at high temperature always
deal with complex geometry, such as burners, kilns, boilers and
combustion chambers, etc., and in these industrial applications,
radiative heat transfer plays a predominant role. So, in 2004,
using discrete transfer method (DTM) in combination with
unstructured triangular meshes, Feldheim and Lybaert [19] stud-
ied radiative heat transfer in rather complex-shaped domains,
such as quadrilateral cavity, L-shaped cavity and eccentric cylin-
ders, and the ray effect of the DTM was studied. In 2007, they fur-
ther developed a new FVM based on a cell vertex scheme and
associated to a modified exponential scheme to study radiative
[20] and transient coupled radiative and conductive [21] heat
transfer in above complex-shaped domains as well as in cylindri-
cal ring and elliptical ring domains, and in order to simplify the
problems, the boundaries of those complex-shaped domains were
considered to be black. In the work of Sakami et al. [22], the DOM
was modified and applied to the study of coupled radiative and
conductive heat transfer in semitransparent enclosures of arbi-
trary geometries.

The RTNAM was firstly proposed by Tan and Lallemand [23] in
1989, and 10 years later, it was extended to the isotropic scattering
problem [24]. Recently, using this method Tan et al. [25–28] have
studied the radiative heat transfer in an anisotropic scattering
medium. Compared with other methods, such as the DOM and
the FOM, etc., the RTNAM has its own advantages. For example,
when solving radiative transfer equation, the radiative intensity
does not need to be dispersed along the space coordinate, and
the solid angle is not dispersed but is directly integrated. Thus,
false scattering and ray effect will not exit in this method. So, the
accuracy of this method is high in theory, and the results obtained
by this method could be regarded as the benchmark. In the past,
this method was mainly used to study 1-D problem [23–28]. Re-
cently we have successfully extended this method to the 2-D cou-
pled heat transfer problem in a rectangular absorbing medium
[29], and based on this work, we further extend this method to
the study of coupled heat transfer in a rectangular isotropic scat-
tering medium in the present work.
2. Governing equation and opaque boundary condition

The physical model of present study is shown in Fig. 1 (a). As for
inner node (i, j), the discretized form of the 2-D transient energy
balance differential equation is

qc Tmþ1
ði;jÞ � Tm

ði;jÞ

h i.
Dt ¼ k Tmþ1

ðiþ1;jÞ � 2Tmþ1
ði;jÞ þ Tmþ1

ði�1;jÞ

h i.
Dx2

þ k Tmþ1
ði;jþ1Þ � 2Tmþ1

ði;jÞ þ Tmþ1
ði;j�1Þ

h i.
Dy2

þUr;mþ1
ði;jÞ =ðDxDyÞ; ð1Þ

where superscript m means the mth time increment. The term Ur
ði;jÞ

is the RST of control volume V(i,j), which must be defined as the ab-
sorbed radiative energy by volume DxDy (not by unit volume). Ur

ði;jÞ
can be expressed as [23–29]
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Fig. 1. Two-dimensional coupled heat transfer physical model. (a) Physical model.
(b) Control volume.
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ði;jÞ ¼
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n2
k ½S1;mV ði;jÞ�kAk;TS1;m

T4
S1;m
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�½V ði;jÞS3;m�kAk;Tði;jÞT

4
ði;jÞ
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þ
XM
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n2
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T4
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4
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n o

þ
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n2
k ½S4;lV ði;jÞ�kAk;TS4;l

T4
S4;l
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4
ði;jÞ

n o

þ
XM

l¼1

XN

m¼1

n2
k ½V ðl;mÞV ði;jÞ�kAk;Tðl;mÞT

4
ðl;mÞ � ½V ði;jÞV ðl;mÞ�kAk;Tði;jÞT

4
ði;jÞ

n o)
;

ð2Þ

where [V(i,j)V(l,m)]k, etc., are the spectral RTCs of isotropic scattering
media. For example, [V(i,j)V(l,m)]k means the part of radiative energy
absorbed by V(l,m) to that emitted from V(i,j) in the kth spectral band,
and the meanings of the other RTCs are similar to that of
[V(i,j)V(l,m)]k.

Take S2,i as an example to illustrate the discretized opaque
boundary condition, and then the heat balance at it can be ex-
pressed as

k Tði;NÞ � TS2;i

� �
Dx=ðDy=2Þ þ qr

S2;i
� qr

S2;i!S1

� �
¼ h2 TS2;i

� Tg2

� �
Dx;

ð3Þ

where qr
S2;i

means the net radiative heat energy that all the nodes in
the media transfer to S2,i, and using RTCs it can be expressed as

qr
S2;i
¼ r

p
XNB

k¼1

XN

l¼1

n2
k ½S1;lS2;i�kAk;TS1;l

T4
S1;l
� ½S2;iS1;l�kAk;TS2;i

T4
S2;i

n o(

þ
XN

m¼1

n2
k ½S3;mS2;i�kAk;TS3;m

T4
S3;m
� ½S2;iS3;m�kAk;TS2;i

T4
S2;i

n o

þ
XM

l¼1

n2
k ½S4;lS2;i�kAk;TS4;l

T4
S4;l
� ½S2;iS4;l�kAk;TS2;i

T4
S2;i

n o

þ
XM

l¼1

XN

m¼1

n2
k ½V ðl;mÞS2;i�kAk;Tðl;mÞT

4
ðl;mÞ � ½S2;iV ðl;mÞ�kAk;TS2;i

T4
S2;i

n o)
:

ð4Þ
And qr
S2;i!S1

means the net radiative heat energy that S2,i transfers to S1

qr
S2;i!S1 ¼ rT4

S2;i
Dx� CS2;i

; ð5aÞ

CS2;i
¼ 2rT4

11

p

Z L2

0
dx
Z p=2

0
du
Z arctg

L2�x
ðiDx�DxþL1Þ cos u

h i
arctg

L2�x
ðiDxþL1 Þ cosu

h i cos h sin hdh

þ 2rT4
13

p

Z L2

0
dx
Z p=2

0
du
Z arctg

L2�x
ðHx�iDxþL3 Þ cosu

h i
arctg

L2�x
ðHx�ði�1ÞDxþL3 Þ cosu

h i cos h sin hdh

þ 2rT4
12

p

Z L1þði�1ÞDx

0
dx
Z p=2

0
du
Z arctg xþDx

L2 cos u

� �
arctg x

L2 cosu

� � cos h sin hdh

0
B@

þ
Z L3þHx�iDx

0
dx
Z p=2

0
du
Z arctg xþDx

L2 cos u

� �
arctg x

L2 cos u

� � cos h sin hdh

þ2
Z Dx

0
dx
Z p=2

0
du
Z arctg x

L2 cos u

� �
0

cos h sin hdh

1
CA; ð5bÞ

where, the term rT4
S2;i

Dx means the radiative energy that S2,i trans-
fers to S1, while CS2;i is a constant, which means the radiative energy
that the black surroundings (S11, S12 and S13) transfer to S2,i. For
simplicity, the deduction of Eq. (5b) is omitted.

3. Solve the RTCs of isotropic scattering media

The solving of isotropic scattering RTCs mainly contains four
steps. Firstly, the RTCs without considering scattering must be
solved. Secondly, the RTCs solved in the first step are normalized
according to their integrality relationships. Thirdly, the normalized
RTCs are used to trace the scattering energy to solve the normal-
ized isotropic scattering RTCs. Finally, inverse calculation is carried
out to solve the isotropic RTCs of the media.

3.1. Solve the RTCs without considering scattering

Before solving the RTCs for isotropic scattering media, the RTCs
without considering scattering must be solved first. In this step the
radiative intensity attenuates in accordance with the Bouguer Law,
Ie�jk l, where jk = ak + rk, I is the radiative intensity, and l is the dis-
tance that the radiative intensity passes through the media. The
RTCs without considering scattering are expressed by (V(l,m)V(i,j))k,
(S1,mV(i,j))k and (V(i,j)S2,l)k, etc. Now we take (V(i,j)S2,l)k as an example
to illustrate the deduction of these RTCs, and for simplicity the sub-
script k is omitted in the following deduction. The RTC (V(i,j)S2,l)k

can be expressed as

ðV ði;jÞS2;lÞ ¼
X4

n¼1

f n
ij!S2;l

�
X4

l0¼1

¼ f n0
ij!S2;l

; ð6Þ

where f n
ij!S2;l

means the part of the radiative energy emitted by the
outside of interface n of V(i,j) over the whole hemispherical sphere
and absorbed by S2,l. The superscript n represents the outside of inter-
face n, where n = 1–4, as shown in Fig. 1(b). f n0

ij!S2;l
means the part of the

radiative energy emitted by the inside of interface n of V(i,j) over the
whole hemispherical sphere and absorbed by S2,l. The superscript n

0

denotes the inside of interface n, as shown in Fig. 1(b).
When S2,l is located in the top-right direction of V(i,j), i.e., l > i and

j < N, the following expressions can be deduced

f 2
ij!S2;l

¼ 2
Z iDx

ði�1ÞDx
dx
Z p

2

0
du
Z arctg iDx�x

ðN�jÞDy cos u

� �
arctg ði�1ÞDx�x

ðN�jÞDy cos u

� �
� exp �ðN � jÞDyj

cos h

� �
cos h sin hdh; ð7aÞ
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f 3
ij!S2;l

¼
2
R jDy
ðj�1ÞDy dy

R p
2
0 du

R arctg
Hy�y

ðl�1�iÞDxcosu

� �
arctg

Hy�y
ðl�iÞDxcosu

� � exp � ðHy�yÞj
sinhcosu

h i
coshsinhdh ðl – iþ1Þ;

2
R jDy
ðj�1ÞDy dy

R p
2
0 du

R p
2

arctg
Hy�y

ðl�iÞDxcosu

� � exp � ðHy�yÞj
sinhcosu

h i
coshsinhdh ðl¼ iþ1Þ;

8>>>>><
>>>>>:

ð7bÞ

f 1
ij!S2;l

¼ f 4
ij!S2;l

¼ 0: ð7cÞ

We can refer to Ref. [29] to get more information about the deduc-
tion of Eq. (7). Moreover, f n0

ij!S2;l
can be simply deduced from Eq. (7)

f 20
ij!S2;l

¼ f 4
iðjþ1Þ!S2;l

; f 10
ij!S2;l

¼ f 3
ði�1Þj!S2;l

;

f 30
ij!S2;l

¼ fðiþ1Þj!S1
2;l
; f 40

ij!S2;l
¼ fiðj�1Þ!S2

2;l
: ð8Þ

Then, the RTC (V(i,j)S2,l) can be calculated by substitution of Eqs. (7)
and (8) into Eq. (6).

3.2. Reciprocity and integrality relationships of RTCs without
considering scattering

The RTCs without considering scattering have reciprocity rela-
tionships and integrality relationships. The reciprocity relation-
ships are given by Eq. (9), while the integrality relationships are
given by the Eq. (10). On the one hand, these relationships are used
to validate the correctness of the RTCs, and on the other hand, the
integrality relationships, Eq. (10), are used to normalize the RTCs
without considering scattering before solving the RTCs of isotropic
scattering media.

ðS1;jS2;iÞk ¼ ðS2;iS1;jÞk; ðS1;jS3;JÞk ¼ ðS3;JS1;jÞk; ðS1;jS4;iÞk ¼ ðS4;iS1;jÞk;
ðS2;iS3;jÞk ¼ ðS3;jS2;iÞk; ðS2;iS4;IÞk ¼ ðS4;IS2;iÞk; ðS3;jS4;iÞk ¼ ðS4;iS3;jÞk;
ðS1;jV ði;jÞÞk ¼ ðV ði;jÞS1;jÞk; ðS2;iV ði;jÞÞk ¼ ðV ði;jÞS2;iÞk;
ðS3;jV ði;jÞÞk ¼ ðV ði;jÞS3;jÞk; ðS4;iV ði;jÞÞk ¼ ðV ði;jÞS4;iÞk;
ðV ði;jÞV ðl;mÞÞk ¼ ðV ðl;mÞV ði;jÞÞk: ð9Þ

XM

l¼1

XN

m¼1

ðV ði;jÞV ðl;mÞÞkþ
XN

j¼1

ðV ði;jÞS1;jÞkþðV ði;jÞS3;jÞk
� �

þ
XM

i¼1

ðV ði;jÞS2;iÞkþðV ði;jÞS4;iÞk
� �

¼4pakDxDy;

XM

l¼1

XN

m¼1

ðS1;jV ðl;mÞÞkþ
XM

i¼1

ðS1;jS2;iÞkþðS1;jS4;iÞk
� �

þ
XN

J¼1

ðS1;jS3;JÞk¼pDy;

XM

l¼1

XN

m¼1

ðS3;jV ðl;mÞÞkþ
XM

i¼1

ðS3;jS2;iÞkþðS3;jS4;iÞk
� �

þ
XN

J¼1

ðS3;jS1;JÞk¼pDy;

XM

l¼1

XN

m¼1

ðS2;iV ðl;mÞÞkþ
XN

j¼1

ðS2;iS1;jÞkþðS2;iS3;jÞk
� �

þ
XM

I¼1

ðS2;iS4;IÞk¼pDx;

XM

l¼1

XN

m¼1

ðS4;iV ðl;mÞÞkþ
XN

j¼1

ðS4;iS1;jÞkþðS4;iS3;jÞk
� �

þ
XM

I¼1

ðS4;iS2;IÞk¼pDx:

ð10Þ
3.3. Solve the RTCs of isotropic scattering media

3.3.1. Normalization of the RTCs without considering scattering
For absorbing, isotropically scattering media, part of the radia-

tive energy represented by RTC (V(i,j)V(l,m))k, etc., is absorbed, and
the rest is scattered. The following process should be carried out.
Because the following deduction implies a precondition that the
energy redistributed must be unity, the RTCs of the absorbing med-
ia should be normalized initially, according to Eq. (10). That is
ðV ði;jÞV ðl;mÞÞ�k ¼ðV ði;jÞV ðl;mÞÞk=ð4akDxDyÞ ði; l¼1—M; and j;m¼1—NÞ;
ðV ði;jÞSu;mÞ�k¼ðV ði;jÞSu;mÞk=ð4akDxDyÞ ði¼1—M; j;m¼1—N and u¼1 or 3Þ;
ðV ði;jÞSu;mÞ�k¼ðV ði;jÞSu;mÞk=ð4akDxDyÞ ði;m¼1—M; j¼1—N and u¼2 or 4Þ;
ðSu;mV ði;jÞÞ�k¼ðSu;mV ði;jÞÞk=ðpDyÞ ði¼1—M; j;m¼1—N; and u¼1 or 3Þ;
ðSu;mV ði;jÞÞ�k¼ðSu;mV ði;jÞÞk=ðpDxÞ ði;m¼1—M; j¼1—N; and u¼2 or 4Þ;
ðS1;mSv ;lÞ�k ¼ðS1;mSv;lÞk=ðpDyÞ ðl¼1—M;m¼1—N; and v ¼2 or 4Þ;
ðS1;mSv ;lÞ�k ¼ðS1;mSv;lÞk=ðpDyÞ ðl;m¼1—N; and v ¼3Þ;
ðS3;mSv ;lÞ�k ¼ðS3;mSv;lÞk=ðpDyÞ ðl¼1—M;m¼1—N; and v ¼2 or 4Þ;
ðS3;mSv ;lÞ�k ¼ðS3;mSv;lÞk=ðpDyÞ ðl;m¼1—N and v ¼1Þ;
ðS2;mSv ;lÞ�k ¼ðS2;mSv;lÞk=ðpDxÞ ðl¼1—N;m¼1—M; and v ¼1 or 3Þ;
ðS2;mSv ;lÞ�k ¼ðS2;mSv;lÞk=ðpDxÞ ðl;m¼1—M; and v ¼4Þ;
ðS4;mSv ;lÞ�k ¼ðS4;mSv;lÞk=ðpDxÞ ðl¼1—N;m¼1—M; and v ¼1 or 3Þ;
ðS4;mSv ;lÞ�k ¼ðS4;mSv;lÞk=ðpDxÞ ðl;m¼1—M; and v ¼2Þ:

ð11Þ
where the asterisk denotes normalized RTCs.

3.3.2. Trace the scattering energy to solve the RTCs of isotropic
scattering media

As shown in Eq. (2), the isotropic scattering RTCs can be classi-
fied into four categories: (1) control volume vs control volume:
[V(i,j)V(l,m)]k; (2) control volume vs surface element: [V(i,j)Su,m]k; (3)
surface element vs control volume: [Su,mV(i,j)]k; and (4) surface ele-
ment vs surface element: [Su,mSv,l]k. The deduction of these isotro-
pic RTCs is similar, so, for simplicity take the RTC [V(i,j)V(l,m)]k as an
example to illustrate the deductive process. Define gk = 1 �xk,
which means the kth spectral band absorption quotient of the total
attenuated energy by a control volume. For convenience, in the fol-
lowing the subscript k is omitted, and subscript a and A are intro-
duced to denote the absorption quotient. Notice that only the
medium scatters but the surfaces do not. The isotropic scattering
effect can be considered as follows.

(1) After the first tracing event of the scattering energy, the ab-
sorbed part of the quotient (V(i,j)V(l,m))* by V(l,m) is

½V ði;jÞV ðl;mÞ��1st
a ¼ ðV ði;jÞV ðl;mÞÞ�g; ð12Þ

and the scattering part by V(l,m) is (V(i,j)V(l,m))*x.
(2) After the second tracing event of the scattering energy, the

energy emitted by V(i,j) and scattered by all control volumes isPM
l2¼1

PN
m2¼1ðV ði;jÞV ðl2 ;m2ÞÞ

�x, which is homogeneously distributed
over the whole spherical space and can be considered equivalent
to that isotropically emitted by the control volume V(l,m). This scat-
tering tracing event causes the portion

½V ði;jÞV ðl;mÞ��2nd
A ¼

XM

l2¼1

XN

m2¼1

ðV ði;jÞV ðl2 ;m2ÞÞ
�xðV ðl2 ;m2ÞV ðl;mÞÞ

�g; ð13Þ

to be absorbed by V(l,m):

½V ði;jÞV ðl;mÞ��2nd
a ¼ ½V ði;jÞV ðl;mÞ��1st

a þ ½V ði;jÞV ðl;mÞ��2nd
A ; ð14Þ

(3) Part
PM

l3¼1

PN
m3¼1½ V ði;jÞV ðl3 ;m3Þ

� 	�xPM
l2¼1

PN
m2¼1 V ðl3 ;m3Þ

�
V ðl2 ;m2ÞÞ

�x� of the scattered energy
PM

l2¼1

PN
m2¼1ðV ði;jÞV ðl2 ;m2ÞÞ

�x, de-
rived in step 2, is scattered again, and this causes some of the radia-
tive energy, emitted by V(i,j), to be absorbed by V(l,m) once more. Thus,
the third tracing event of the scattering energy causes the portion

V ði;jÞV ðl;mÞ
� ��3rd

A ¼
XM

l3¼1

XN

m3¼1



V ði;jÞV ðl3 ;m3Þ

��
x
XM

l2¼1

XN

m2¼1



V ðl3 ;m3ÞV ðl2 ;m2Þ

��"

�xðV ðl2 ;m2ÞV ðl;mÞÞ
�g

#
; ð15aÞ

to be absorbed by V(l,m). Eq. (15a) can be written as

½V ði;jÞV ðl;mÞ��3rd
A ¼

XM

l3¼1

XN

m3¼1



V ði;jÞV ðl3 ;m3Þ

��
x½V ðl3 ;m3ÞV ðl;mÞ�

�2nd
A

� �
;

ð15bÞ
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where ½V ðl3 ;m3ÞV ðl;mÞ�
�2nd
A can be calculated form Eq. (13) by replacing

V(i,j) with V ðl3 ;m3Þ. So, after the third tracing event of the scattering
energy, we have

½V ði;jÞV ðl;mÞ��3rd
a ¼ ½V ði;jÞV ðl;mÞ��2nd

a þ ½V ði;jÞV ðl;mÞ��3rd
A : ð16Þ

(4) The scattered energy
PM

l3¼1

PN
m3¼1½ðV ði;jÞV ðl3 ;m3ÞÞ

�x
PM

l2¼1

PN
m2¼1

ðV ðl3 ;m3ÞV ðl2 ;m2ÞÞ
�x�, derived in step 3, will be scattered again, and

this causes part of the radiative energy to be absorbed by V(l,m)

for the fourth tracing event of the scattering energy. Thus, trace
the scattered energy repeatedly in this way.

(5) As the number of tracing event increases, the quotient of the
scattering energy decreases. So, after the nth tracing event of the
scattering energy, if all of the control volumes satisfy the following
inequality:

1�
XN

m¼1

½V ði;jÞS1;m��nth
a þ½V ði;jÞS3;m��nth

a

n o
�
XM

l¼1

½V ði;jÞS2;l��nth
a þ½V ði;jÞS4;l��nth

a

n o�����
�
XM

l¼1

XN

m¼1

½V ði;jÞV ðl;mÞ��nth
a

�����<10�10; ð17Þ

the calculation is finished. And then, we have

½V ði;jÞV ðl;mÞ��nth
a ¼ ½V ði;jÞV ðl;mÞ��ðn�1Þth

a þ ½V ði;jÞV ðl;mÞ��nth
A ; ð18aÞ

where

½V ði;jÞV ðl;mÞ��nth
A ¼

XM

ln¼1

XN

mn¼1

ðV ði;jÞV ðln ;mnÞÞ
�x½V ðln ;mnÞV ðl;mÞ�

�ðn�1Þth
A

h i
:

ð18bÞ

From Eq. (18b) we can see that, ½V ði;jÞV ðl;mÞ��nth
A can be calculated

through iteration.
Then, [V(i,j)V(l,m)] can be calculated from the inverse calculation:

½V ði;jÞV ðl;mÞ� ¼ 4jgDxDy½V ði;jÞV ðl;mÞ��nth
a : ð19Þ

The above deductive process is similar to that of Ref. [24]. The
deduction of the other three categories of isotropic scattering RTC
is shown in Appendix A.

4. Numerical method and validation of this paper

4.1. Numerical method

As shown in Eqs. (2)–(5), the RST and opaque boundary condi-
tion are non-linear functions of temperatures of all nodes, respec-
tively, thus, the Patankar’s linearization method is used to linearize
the RST and opaque boundary condition. The RST can be linearized
as [23–30]

Ur;nþ1
ði;jÞ ¼ Scnþ1

ði;jÞ þ Spnþ1
ði;jÞ � T

nþ1
ði;jÞ ; ð20Þ

where Spnþ1
ði;jÞ ¼ ðdUr

ði;jÞ=dTði;jÞÞn, Scnþ1
ði;jÞ ¼ Ur;n

ði;jÞ � ðdUr
ði;jÞ=dT ði;jÞÞn � Tn

ði;jÞ.
Superscript (n + 1) means the (n + 1)th iterative calculation.

Eq. (1) can be rewritten as the following form:

Aði;jÞT
mþ1
ði;jÞ ¼ Bði;jÞT

mþ1
ðiþ1;jÞ þ Cði;jÞT

mþ1
ði�1;jÞ þ Dði;jÞT

mþ1
ði;jþ1Þ þ Eði;jÞT

mþ1
ði;j�1Þ þ Fði;jÞ;

ð21Þ
where A(i,j), B(i,j), C(i,j), D(i,j), E(i,j) and F(i,j) are the coefficients related to
Eq. (1). The alternating direction implicit (ADI) method is used to
solve the linearized equations. The principle of ADI method is that,
when solving along one direction, the variables along this direction
are implicit, and the variables along the other directions are explicit.
Scan line by line along vertical direction over the full rectangular re-
gion at first, and then scan row by row along horizontal direction,
and the two scanning steps compose one round iteration [31]. We
can refer to Ref. [32] to get more information about the numerical
method.
4.2. Validation of this paper

Using the Lattice Boltzmann method to solve the energy equation
and the finite volume method to calculate the RST, Mishra et al. [8]
studied transient coupled heat transfer in a rectangular medium
with imposed boundary temperatures. The calculating parameters
are Lr = 1 m, H�x ¼ H�y ¼ 1, n = 1, and j = 1 m�1, T0 = Tg1 = Tg2 = Tg3 =
Tg4/2, Tr = Tg4, h1 = h2 = h3 = h4 = 1010 W m�2 K�1 (infinitely large).
The medium is gray (NB = 1). In Ref. [8], the dimensionless time is de-
fined as ni = aj2ti, where a( = k/(qc)) is the thermal diffusivity, and
the conduction-radiation parameter is defined as N0 ¼ kj=ð4rT3

r Þ.
The number of control volume is taken as M = N = 25. The dimen-
sionless time intervals are Dn1 = 0.003, Dn2 = 0.0008 and Dn3 = 10.

In this case, suppose that the temperature fields reach the stea-
dy state when the temperatures of all nodes between the mth time
increment and the (m + 1)th one satisfy jTmþ1

ði;jÞ � Tm
ði;jÞj < 10�7. Corre-

sponding to the mth time increment, if the temperatures of all
nodes between the nth iteration calculation and the (n + 1)th one
satisfy jTm;nþ1

ði;jÞ � Tm;n
ði;jÞ j < 10�5, the convergent results are reached.

Because the convective coefficients are infinitely large, the tem-
peratures at the four sides of the rectangular medium are kept un-
changed in the transients, equal to the temperatures of their
surrounding fluids. The results are shown in Fig. 2, in which we
can see that the results of this paper agree very well with those
of Mishra’s [8]. This partially proves that the RTCs of absorbing
media, the RTCs of isotropic scattering media, and the numerical
method of this paper are correct.

5. Results and discussion

The calculating parameters of Fig. 3 are x = 0.98, Lr = 1.0 m,
N = 0.1, n = 2.2, j = 1 m�1, H�x ¼ H�y ¼ 1:5; M ¼ N ¼ 55; T0 ¼ Tr ¼
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Fig. 4. Effect of scattering albedo on temperature distribution. (a) t�1 ¼ 0:05 and
steady state; (b) t�1 ¼ 0:4.
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Fig. 3. Temperature distribution for the basic parameters. (a) t�1 ¼ 0:05 and steady
state; (b) t�1 ¼ 0:4; and (c) temperature distribution along the vertical centerline
position.
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1000 K; h1 ¼ h2 ¼ h3 ¼ h4 ¼ 100 W m�2 K�1; T11 ¼ Tg1 ¼ T13 ¼ Tg3 ¼
1000 K; L�1 ¼ L�2 ¼ L�3 ¼ L�4 ¼ 1:0; T12 ¼ Tg2 ¼ T14 ¼ Tg4 ¼ 300 K.
The medium is gray (NB = 1), and the time intervals are Dt�1 ¼
0:01;Dt�2 ¼ 0:008 and Dt�3 ¼ 10. The steady state to be defined
when the temperatures of all nodes between the mth time incre-
ment and the (m + 1)th one satisfy jTmþ1

ði;jÞ � Tm
ði;jÞj < 10�7. Corre-

sponding to the mth time increment, if the temperatures of all
nodes between the nth iteration calculation and the (n + 1)th one
satisfy jTm;nþ1

ði;jÞ � Tm;n
ði;jÞ j < 10�5, the convergent solution is reached.

As shown in Fig. 3, during the transient beginning, although S1

and S3 are heated by their surroundings, they are cooled more
quickly than the central medium because they can intensively
transfer radiative energy passing through the inner media to S2

and S4, which are of lower temperature, for the reasons that the
media are strongly scattering and weakly absorbing. The tempera-
ture profile is concave downwards during the transient beginning
and like a saddle of horse at steady state.

Keeping the other parameters of Fig. 3 unchanged, effect of
x = 0.5 on temperature distribution is shown in Fig. 4. When the
scattering albedo decreases, the absorption coefficient increases
and the emitting ability of the media is intensified. So, compared
with Fig. 3, it can be seen that, the cooling effect of the central
media is intensified, and as a result, the temperatures of the central
media decrease during the transient beginning, and at the same
time, the temperatures of S2 and S4 increase because they receive
more radiative energy emitted from the central media. The time
to reach steady state is also much reduced.

Keeping the other parameters of Fig. 3 unchanged, effect of
n = 4.2 on temperature distribution is shown in Fig. 5. Due to rea-
son that the emitting ability of medium is proportional to the
square of refractive index, the emitting ability of medium is inten-
sified when refractive index of the medium increases. Thus, com-
pared with Fig. 3, we can see that, the saddle shape of the
temperature profile at steady state becomes unconspicuous, and
the temperatures distribute more homogeneous within the media.
The time to reach steady state is reduced.
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6. Conclusions

In this paper the RTNAM is extended to solve the 2-D transient
coupled heat transfer in a rectangular isotropic scattering medium.
Before solving the RTCs of isotropic scattering medium, the RTCs
without considering scattering must be solved at first. Then the
RTCs without considering scattering are normalized according to
their integrality relationships. The normalized RTCs are used to
trace the scattering energy. It is found that the energy quotient
of the nth tracing event of the scattering energy can be calculated
from that of the (n � 1)th tracing event. This makes the RTCs of iso-
tropic scattering medium can be calculated by iteration. The cor-
rectness of this paper is validated. Effects of x and n on
temperature distribution are investigated, and for simplicity, ef-
fects of the other parameters, such as j, N, T1i (i = 1–4), hi and Li,
etc., on temperature distribution are neglected.

Our study shows that the RTNAM can provide very accurate re-
sults and has a good convergent property, although the deductive
process of the RTCs is very complex. The computer we use to
calculate the results is a Dell PowerEdge 2900 Server, 1.6 GHz
dual-core processors with 8 GB RAM, which is installed with Linux
operating system and Intel Fortran compiler. With this computer, it
takes about several hours to calculate one group of results in one
figure. We think that this time consumption can be accepted.
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Appendix A. Deduction of the RTCs of isotropic scattering
medium

The RTC [V(i,j)V(l,m)]k is detailedly solved in the text, and the solv-
ing of the other RTCs is similar to that. So, for simplicity we only
give the final results here. After the nth tracing event of the scatter-
ing energy, we have

(1) ½V ði;jÞSu;m� ¼ 4jgDxDy½V ði;jÞSu;m��nth
a ðu ¼ 1—4Þ
where, ½V ði;jÞSu;m��nth
a ¼ ½V ði;jÞSu;m��ðn�1Þth

a þ ½V ði;jÞSu;m��nth
A , ½V ði;jÞSu;m��nth

A ¼PM
ln¼1

PN
mn¼1 ðV ði;jÞV ðln ;mnÞÞ

�x½V ðln ;mnÞSu;m��ðn�1Þth
A

h i
, ½V ði;jÞSu;m��1st

a ¼ ðV ði;jÞ
Su;mÞ�, and ½V ði;jÞSu;m��2nd
A ¼

PM
l2¼1

PN
m2¼1 V ði;jÞV ðl2 ;m2Þ

� 	�xðV ðl2 ;m2Þ
�

Su;mÞ��.

(2) ½Su;mV ði;jÞ� ¼
pDy½Su;mV ði;jÞ��nth

a ðu ¼ 1;3Þ
pDx½Su;mV ði;jÞ��nth

a ðu ¼ 2;4Þ

(

where, ½Su;mV ði;jÞ��1st
a ¼ ðSu;mV ði;jÞÞ�g, ½Su;mV ði;jÞ��2nd

a ¼ ½Su;mV ði;jÞ��1st
a þPM

l2¼1

PN
m2¼1 ðSu;mV ðl2 ;m2ÞÞ

�xðV ðl2 ;m2ÞV ði;jÞÞ
�g

� �
, ½Su;mV ði;jÞ��3rd

a ¼ ½Su;m

V ði;jÞ��2nd
a þ

PM
l3¼1

PN
m3¼1 ðSu;mV ðl3 ;m3ÞÞ

�x½V ðl3 ;m3ÞV ði;jÞ�
�3rd
A

h i
, and ½V ðl3 ;m3Þ

V ði;jÞ�3rd
A ¼

PM
l2¼1

PN
m2¼1 V ðl3 ;m3ÞV ðl2 ;m2Þ

� 	�xðV ðl2 ;m2ÞV ði;jÞÞ
�g. If n P 4,

then ½Su;mV ði;jÞ��nth
a ¼ ½Su;mV ði;jÞ��ðn�1Þth

a þ ½Su;mV ði;jÞ��nth
A , where, ½Su;m

V ði;jÞ��nth
A ¼

PM
ln¼1

PN
mn¼1 ðSu;mV ðln ;mnÞÞ

�x½V ðln ;mnÞV ði;jÞ�
�nth
A

h i
, and ½V ðln ;mnÞ

V ði;jÞ��nth
A ¼

PM
ln�1¼1

PN
mn�1¼1 ðV ðln ;mnÞV ðln�1 ;mn�1ÞÞ

�x½V ðln�1 ;

�
mn�1ÞV ði;jÞ��ðn�1Þth

A �.

(3) ½Su;mSv;l� ¼
pDy½Su;mSv;l��nth

a ðu ¼ 1;3Þ
pDx½Su;mSv;l��nth

a ðu ¼ 2;4Þ

(

where, ½Su;mSv ;l��1st
a ¼ ðSu;mSv ;lÞ� ðv–uÞ

0 ðv ¼ uÞ


; ½Su;mSv ;l��2nd

a ¼ ½Su;mSv ;l��1st
a þ

PM
l2¼1

PN
m2¼1 ðSu;mV ðl2 ;m2ÞÞ

�xðV ðl2 ;m2ÞSv ;lÞ�
� �

, ½Su;mSv ;l��3rd
a ¼ ½Su;mSv ;l��2nd

a þPM
l3¼1

PN
m3¼1 ðSu;mV ðl3 ;m3ÞÞ

�x½V ðl3 ;m3ÞSv ;l��3rd
A

h i
, and ½V ðl3 ;m3ÞSv ;l�3rd

A ¼PM
l2¼1

PN
m2¼1 V ðl3 ;m3ÞV ðl2 ;m2Þ

� 	�xðV ðl2 ; m2ÞSv ;lÞ�. If n P 4, then

½Su;mV ði;jÞ��nth
a ¼ ½Su;mSv ;l��ðn�1Þth

a þ ½Su;mSv ;l��nth
A , where, ½Su;mSv ;l��nth

A ¼PM
ln¼1

PN
mn¼1 ðSu;mV ðln ;mnÞÞ

�x½V ðln ;mnÞSv ;l��nth
A

h i
, and ½V ðln ;mnÞSv ;l��nth

A

¼
PM

ln�1¼1

PN
mn�1¼1 ðV ðln ;mnÞV ðln�1 ;mn�1ÞÞ

�x½V ðln�1 ;mn�1Þ
�

Sv ;l��ðn�1Þth
A �.
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